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Abstract 

We compute the cosmological perturbations generated in the brane 
world inflation driven by the bulk inflaton. Different from the model that 
the inflation is a brane effect, we exhibit the modification of the power 
spectrum of scalar perturbations due to the existence of the fifth dimension. 
With the change of the initial vacuum, we investigate the dependence of 
the correction of the power spectrum on the choice of the vacuum. 
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The standard cosmological model, based upon general relativity with an infla- 
tionary era, can potentially be used to explore Planck scale physics. The quantum 
field fluctuations at very early epochs were sensitive to short distance physics, 
and this sensitivity might leave imprint on the CMB spectrum produced by in- 
flation. This observation has recently generated a lot of excitement about the 
possibility of opening a window on transplanckian or stringy physics in CMB 
anisotropics [1-17]. There are two major approaches to investigate this problem. 
One approach evolves from an attempt to use speciflc models of transplanckian 
physics, for example including models involving noncommutative geometry [14], 
and investigate its influence on the inflationary fluctuation spectrum. Another 
point of view has been taken with the focus on the choice of vacuum [15-17]. It 
has been shown that this method essentially amounts to an investigation of the 
physics of the de Sitter invariant vacua introduced in [18,19] and is a simple tool 
to study the effect of transplanckian physics. Though consistency of the de Sitter 
invariant vacua is questioned [20-22], it is argued that the application of the de 
Sitter invariant vacua to inflation cannot be excluded [23]. Due to the lack of 
complete quantum theory of gravity, it would be fair to say that a flrm prediction 
of the signatures of transplanckian physics is still hard to be figured out at this 
moment. 

Another significant interest of the cosmological perturbations generated dur- 
ing inflation is that it may provide a testing ground for the existence of extra 
dimensions. The initial work was done within the framework of a flve-dimensional 
world where our visible universe is a three-dimensional brane located at a given 
point in the fifth dimension [24]. Considering the simplest possibility that the 
inflation is driven by a scalar field living on the three-dimensional brane, the 
effects of the transdimensional physics on the spectrum of the primordial density 
perturbations produced during the epoch of inflation have been studied. Though 
the power spectrum of the scalar perturbations is unchanged, the tensor pertur- 
bations receive a correction due to the existence of the flfth dimension. It is 
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demonstrated that the cosmological perturbations are a powerful probe of the 
physics of extra dimensions. 

The main purpose of the present paper is to extend the set up in [24] by 
assuming that the brane world inflation is driven by the bulk inflaton. We will 
compute the cosmological perturbations generated during the inflation and com- 
pare to those of the conventional four-dimensional inflationary scenario. Our 
flndings indicate that the power spectrum of scalar perturbations of the inflation 
caused by the bulk inflaton receives modifications. We will also apply this result 
to the ansatz of Danielsson [15] for selecting a boundary condition for the mode 
function. The comparison to other discussions on quantum fluctuations in brane 
world inflation will be addressed in the end of the paper. 

We consider a framework consisting of a four-dimensional brane embedded in 
a five-dimensional bulk with a stabilized radius. The metric for a natural brane 
universe model in the cosmological context takes the form [25,26] 

ds^ = -ri^dt^ + a^dX"^ + dy^, (1) 

where = [HlY smh^{y/l),a? = a^ri^ and Oq = exp{Ht). Here H is the 
four-dimensional Hubble constant and y denotes the extra dimension. The four- 
dimensional hypersurface is at y = yo[25] and the location of the brane is related 
with H as follows 

Zsinh(yo/0' 

where Z = je/AsI^/^ 

Due to the dynamics of the bulk gravitational field, the dilaton hke scalar field 
with an effective potential 1^(0) appears in the bulk. We assume V is positive 
and may vary very slowly in space and time. The sufficiently slowly varying of 
the bulk scalar field will lead to the standard slow-roll infiation. As the universe 
evolves, the potential V decreases and finally becomes zero and the standard 
Priedmann universe is recovered in the low energy limit. For simplicity, we take 
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the model in [26] and assume the potential of the form 

Vi<P) -Vo + \m''(t>^ (3) 

with < and consider the situation when (p is sufficiently close to zero. In the 
lowest order, = 0. The cosmological constant As^g// in the bulk five-dimensional 
AdS spacetime is 

A5,e// = A5 + /C^H (4) 

and IA5I > klVo to ensure J^5,eff < 0. The I is replaced by Igff in the form 
Ilff = 6/|A5 e//|. In the following we write Zg// into I for simplicity. 
The equation for a scalar field in the bulk background is given by 

Suppose in the momentum space the wave function can be seperated into 

1 f ^,Jk{y)9k{v) ikx 



(6) 

where 77 = —{Hao)~^ — —exp{—Ht)/H, so when t — > —00,77 ~^ ^nd when 
t — > 00, ?7 — > 0. 

Now the equations for f{y) and g{ri) become 

^ + [*^-^(2 + ^M.)-o (8) 

where is the separation constant corresponds to the Kaluza-Klein mass which 
appears in the Kaluza-Klein compactification. 
The general solution of (7) is given by 

m = ^(ffl„)V-ir'^F(i^,i±^,,4;i-.^) 



where z = cosh(y/Z), v = V4 + mW, 7 = -3/2 + and // = a/9/4 + A V//^. 

Employing the properties of the hypergeometric function and the definition 
of Legendre polynomial, (9) can be reduced to 



B- 



(10) 



As 2; ^ l(y ^ 0), the Legendre function 0,^11^2"^ {z) is singular, which requires 
= to keep the regularity. The coefficient A in (10) is to be determined by 
the normalization condition [30] 



ya 



2{Hiy / dy smh\y/l)fJl, = 6{X - A'), 
Jo 



which leads 



ryo 

2HI J dy 



j-7-3/2 
u-1/2 



(cosh I) 



2^ -1/2 



sinh^/2 I 

For m — and A = case, the solution is a constant 



(11) 



(12) 



(13) 



Hly/lsmh{yo/l) cosh(|/o//) - 7/0' 
which reflects the property on the four- dimensions and receives no influence from 
the extra dimension. 

For m 7^ 0, the contribution due to the extra dimension will emerge. The 
solution of (7) reads 



yo 

2HI I dy 




,-7-3/2 
u-1/2 



(cosh I) 



sm. 



hV2^ 



2 \ -1/2 



p;_7/f (cosh(y//)) 



sm. 



h^/^(y/0 



fiy) = 

Using the Z2 symmetry 

dyf{y)y=yo = 0, 

we find that 7 is determined by 

{u + 2)zoP;X/T{zo) = (^ + 7 + 2)p;;r/f (^0) 

where zq — cosh(yo/0 yo — I smh.~^{l/ HI). 



(14) 



(15) 



(16) 



Eq(16) needs to be solved numerically. Given the location of the brane, 7 
is determined by the Z2 symmetry for each given set of H,l,m, which means 
that not all massive modes satisfy the Z2 symmetry. With the obtained 7, the 
behavior of f{y) on the brane y — yo can be got. 

We now turn to study the time-dependent function glrj). The general solution 
of (8) is expressed in the Bessel functions as 

g{ri) = Diri^'^J_^j^^^^^^{kr]) + D^r]'''' J ^ ^^^^./H. /^ikr]). (17) 

When kr] » 1, the asymptotic form of the mode function becomes 

where E = tt^qTITAV^, C+ = Di + Dse"^^ and C_ = Die-'^ + D2. 

Danielsson has proposed a general ansatz for parametrizing the choice of vac- 
uum in an inflationary spacetime [15]. The choice of Bunch-Davis vacuum can 
be expressed as a relation between the field and its conjugate momentum in the 
ultraviolat limit 

^ -ipcpp, p^oo. (19) 
For an adiabatic vacuum, Danielsson enforced this relation at a finite momentum 

Pc, 

^ -ip(pp, p = Pc- (20) 

In the comoving variables, Danielssons condition is translated to 

di ^ gjiyk - 1) 
dr] 77 

Considering (21) and the Wronskian condition |C+p — |C_p = 1, we have 

We are free to choose the overall phase, so we can write the coefficients as 

_ 2kr) + i i^kn-K/i) 
+ ~ 2kr] 

C_ = ^ei(fcr,-7r/4)^ ^23) 
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Figure 1: Modifications for scalar perturbations due to the extra dimension. 
The line for m = 0, X = is the spectrum generated in the conventional four- 
dimensional inflation. The other lines are for nonzero m, \, which show spectrum 
in the brane world inflation. We take H — 1,1 = 1 — 10 in the calculations. 

which agrees to the derivation in four-dimensions obtained in [15-17]. 

In the hmit /c?7 — > oo, we have C+ = 1 and C_ = 0, which goes back to the 
Bunch-Davis vacuum. 

The physical quantity of interest now is the contribution of the mode to the 
spectrum of CMBR perturbations. We compute this by examining |04p, where 
04 indicates the four-dimensional scalar field relating to the bulk inflaton by 



04 = i'/^, 



< 04 > 



/ < 02 > 




(24) 




Figure 2: Modifications for scalar perturbations due to the extra dimension for 
\m\ = 0.05. 

Lets first choose the Bunch-Davis vacuum, so that Ig]"^ — 1. For m = 0, A = 

case, since there is no contribution due to the extra dimension, the power spec- 
trum of the physical expectation value should be that of the four dimensional case, 

i.e. P{k) = . — 77^^ tt — ttt 7- For nonzero m. A, the present day 

(if/)^(/smh(|/o//) cosh(?/o//) - yo) 

power spectrum of scalar modes generated by a primordial period of inflation on 
our visible brane dX y — can be calculated from (14) and (16). The results are 
shown in Fig.l. In Fig.2, we plot the ratio 



AP P-Pq 



(25) 



where Pq and P represent power spectrums for zero and nonzero m, respectively. 
It is clear to see that the spectrum of scalar perturbations has been modified due 
to the existence of the fifth dimension. The bigger value of m is, the more change 
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Figure 3: Dependence of the modification for the power spectrum due to extra 
dimension on values ofm. 

to the power spectrum we have. The dependence of the modification to the power 
spectrum on the value of m is more exphcitly shown in Fig. 3. Comparing to the 
simple case that the inflation is only a brane effect [24], we have observed here 
that the modification of the power spectrum of scalar perturbations in the brane 
world infiation driven by the bulk infiaton. In the numerical calculation we have 
taken the slow- roll condition |m^| <^ H'^ [26]. 

Adopting the dc Sitter invariant a-vacua as plausible initial conditions for 
infiation, from (18) and (23) we have 

\g\' = l-^M^M/H) (26) 

where M is the energy scale of the new physics, e.g. the Planck scale or the string 
scale, and H is the Hubble constant during infiation. Calculating the spectrum of 
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Figure 4: Modifications for scalar perturbations due to the choice of the vacuum. 
The black line is the spectrum by choosing the Bunch Davis vacuum and the 
dashed line is for de Sitter invariant a vacuum. 

the CMBR perturbations, in Fig.4 we have shown that the perturbation spectrum 
for this new vacuum deviated from that of the Bunch-Davis vacuum. This effect 
appears both in the conventional four-dimensional inflation and the brane world 
inflation. 

As shown in (26) and Fig.4, a Hubble constant which does not change during 
inflation would just imply a small change in the overall amplitude of the power 
spectrum. This would not constitute a useful signal. It is expected that the 
situation will be more interesting if the Hubble constant is to vary. As argued in 
[31] , using the slow roll parameter e and evaluating H when a given mode crossing 
the horizon(A; = aH), H ~ k''. The correction in (26) H/M = ^{k/kn)'^, 
where kn is the particular scale leaves the horizon corresponding to the largest 
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Figure 5: The modulation of the power spectrum in the transplanckian models for 
four dimensional inflation and brane world inflation. 

angular scales measurable in the CMBR and ^ = Hn/M ~ 4 x 10~^-v/e/7, where 
7 = M/Mpi. The power spectrum in the new vacuum can be parametrized in 
the form 



where Po{k) is the scale invariant spectrum which we can use for comparison in 
the numerical work. 

Adopting reasonable values of e, 7 as e = 0.01,7 = 0.01 [31], in Fig.5 we 
show examples of power spectrum for zero and nonzero values of m. The dotted 
line shows the modulation of the power spectrum predicted in the transplanckian 
model for four dimensional inflation with zero m. And the solid line shows the 
transplackian effect in the brane world inflation with nonzero m. Connecting the 
points of wave crests, we exhibit again in Fig. 6 the difference between the four 




(27) 
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Figure 6: Lines connecting the points of wave crests in Fig. 5 in four dimensional 
inflation and brane world inflation 

dimensional inflation and the brane world inflation. To connect to observable 
quantities from satellite like MAP and Planck, we have to compute the angular 
power spectrum C; for each set of parameters. This is a complicated task which 
has to be performed numerically. We will leave it for future studies. 

In summary we have investigated the cosmological perturbations generated 
in brane world inflation driven by the bulk inflaton. In the conventional four- 
dimensional inflationary scenario, the relation between the density perturbation 
and fluctuation of the scalar fleld is well known [27]. However the scalar fleld 
living in the bulk has both t and y dependence. The analysis of the cosmologi- 
cal fluctuation becomes much more involved [28] and there exists the non-trivial 
background solution due to the y dependence. The density perturbation may 
change a lot compared with that of the four- dimensional case. We have shown 
that the perturbations are a powerful tool to explore the physics of extra di- 
mensions. Different from the result of the inflation taking place on the brane, 
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modifications of the power spectrum of scalar perturbations have been exhibited 
in the inflation driven by the bulk inflaton. This result consolidate the argument 
given in [24]. 

Besides assuming that the initial vacuum is the traditional Bunch-Davis vac- 
uum, we have also studied the transplanckian physics by introducing the de Sitter 
invariant a- vacuum. The correction scaling as H/M as suggested by the analy- 
sis performed in the four-dimenisonal cases has also been observed in the brane 
world inflation. 

Finally we would like to compare our result to recent discussions of the quan- 
tum fluctuations in brane world inflation [29,30]. In [29], the quantum fluctua- 
tions of a massless bulk scalar field in the AdS^ background was investigated. 
They decomposed the bulk field into the zero mode and the Kaluza-Klein (KK) 
modes with the zero mode existing on the brane while the KK mode being the 
contribution from the extra dimension. It was found in [29] that the KK con- 
tribution is too small relative to the zero mode contribution. This discussion 
was extended to a bulk scalar field of arbitrary mass [30] and the non-negligible 
KK mode compared to that of zero mode was observed. With nonzero mass of 
the bulk field, the extra dimensional influence appears. In [30] both zero mode 
and the KK mode contain extra dimensional contribution (see (3.14) in [30] for 
their zero mode). Thus they compared extra dimensional contributions due to 
different modes to the brane. However in our study we have examined the differ- 
ence between the fluctuation spectrum in four- dimensions and the contribution 
from the extra dimension. We found that the deviation of the scalar perturbation 
spectrum from that of the four-dimensional case caused by the nonzero mass bulk 
scalar field exists. This modification could be the probe of the existence of the 
extra dimension. Another difference between our study and the work in [29,30] 
is that we have also considered the modification of the power spectrum due to 
the change of the initial vacuum, while in their work only the fixed vacuum was 
taken. 
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